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Differential equations - an-
swers
Please simplify your answers wherever possible.

Question 1 Take the differential equation N ′(t) = αN(t). Find the time
t = t1 where N is doubled compared to N(0). Then find the time t = t2 where
N is doubled compared to N(t1). What do you think of the answer?

Answer The solution of the differential equation is N(t) = N0e
α·t. To

find when N is doubled compared to N0, we have to solve the equation 2Ṅ0 =
N0e

α·t1 . We divede by N0, take the ln on both sides and then divide by α to
get t1 = ln 2

α . In a similar way we find that t2 = 2 ln 2
α . As you can see from the

answers, the doubling time is always the same. This is a property of exponential
growth!

Question 2 The growth of an organism is given by the von Bertalanffy
growth model. The volume V of the organism is a function of the age a. α >
0 and β > 0 are two parameters. The growth is described by the folowing
differential equation:

V ′(a) = αV (a)
2
3 − βV (a) (1)

The first part shows that the intake of food is proportional to the surface
(surface is a square of the distance and volume a cube, so surface is volume to
the power 2

3 ) and the second part shows that the maintenance is proportional
to the volume.

a Calculate the equilibrium (V ∗).

Answer In the equilibrium V ′(a) = 0, thus αV (a)
2
3 − βV (a) = 0. If we

solve this for V (a), we get (αβ )3. Therefore V ∗ = (αβ )3

b Calculate the volume where maximal growth is reached (Vmax).

Answer The growth is maximal where V ′(a) is maximal. Remember that
you can find the maxima and minima by setting the derivative to 0. Because we
want to know the value of V (a) for which V ′(a) is maximal (and not the value of

a!), we take the derivative of V ′(a) to the function V ′(a). V ′(a)
V (a) = 2

3αV (a)−
1
3−β.

If we set this equal to 0, we get V (a) = 8
27 (αβ )3. This is a maximum (draw the

graph or see that the second derivative (to the function V (a)!) is negative).
Therefore Vmax = 8

27 (αβ )3.
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c Sketch the graph of V against V’ for α = 1 and β = 1. Is the equilibrium
stable?

Answer

Yes, if the volume (V) is lower than V*, the derivative is positive and thus
the volume will increase. If the volume (V) is higher than V*, the derivative is
negative and the volume will decrease.

Question 3 A patient gets medication via an infusion. The amount of
medicine in the patients body is called m. The patient gets a mg medication
per hour. The velocity of the clearance of the medicine can be the result of
different processes, but is usually a first order proces (here shown by b mg per
hour). The description of the amount of medicine in the patients body (m(t))
is the following ODE:

m′(t) = a− b ·m(t) (2)

The amount of medicine at t = 0 is m0.

a Give the solution of this ODE (the function m(t)).

Answer Use rule 2: If the differential equation is of the form y′(t) = c1y(t)+
c2, the solutions are of the form: y(t) = ( c2c1 + y0)ec1t − c2

c1
. Here c1 = −b and

c2 = a and the solution is m(t) = (−ab +m0)e−bt + a
b )

b Assume that the clearance is 0.1 mg per hour and the amount of medicine
at the beginning is 2.5 mg. How much medication should you add per hour to
be sure that the amount of medicine in the patients body is always at least 2
mg?

Answer a = 0.1 and m0 = 2.5. e−0.1t is smallest (near 0) when t is very
large. b should be high enough that for large t, m(t) is still at least 2. Therefore
a
b has to be at least 2. Since a = 0.1 we need b ≥ 0.2. You should add at least
0.2 mg per hour.
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Question 4 Take the differential equation f ′(x) = cos(x) · e−2x − 2f(x)
with f(0) = 0. Someone claims that f(x) = sin(x) · e−2x is a solution of this
differential equation. Is this person correct?

Hint: d sin(x)
dx = cos(x) and d cos(x)

dx = − sin(x)

Answer The person is correct. To check this, replace f(x) in the right side
of the differential equation with sin(x) · e−2x and for the left side calculate the
derivative of sin(x) · e−2x (use the product rule). Check that the left and right
side of the equation are the same. Finally, check that f(0) = sin(0) · e−2·0 = 0).

Question 5 Take the differential equation z′(t) = −z(t)3 + 7z(t)2 − 10z(t).

a Draw a graph with z(t) on the x-axis and z′(t) on the y-axis. Use the steps
we learned before, calculate the intersections with the axes and the minima and
maxima.

Answer z′(t) = 0 when z(t) = 0, z(t) = 2 or z(t) = 5. The derivative of

z′(t) to z(t) is z′(t)
z(t) = −3z(t)2 + 14z(t) − 10. This is equal to 0 for z(t) = 0.88

and z(t) = 3.79. The graph has a minimum at (0.88,−4.06) and maximum at
(3.79, 8.21).

b Which of the equilibria are stable and which are not stable and why?

Answer The equilibrium at 0 is unstable (a small increase will lead to
a positive derivative and lead away from the equilibrium). The equilibrium
at 2 is stable (will return to the equilibrium after a small disturbance) and
the equilibrium at 5 is unstable (a small disturbance will lead away from the
equilibrium).

Question 6 A substrate (S) is converted into an intermediate (X), and sub-
sequently into a product (P) with mass-action kinetics. The substrate is fixed
at 100 mM and the product is directly converted (fixed at 0 mM).
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Hint Mass action kinetics means that the rate is proportional to the con-
centration. For example if A is converted to B the forward rate is k · [A] and
the backward rate is k− · [B]. In this question we have an intermediate, thus
there are 2 reactions! We call the forward constant for the first reaction k1 and
the backward constant for the first reaction k−1. The k’s are constants and you
can leave them in you answer (since you don’t know the value).

a Give the differential equation for the change in X (d(X)
dt ). For this you

have to write down with wat rates X is produced and with what rates X is
consumed. For example for the conversion from S to X, X is produced at the
rate k1 · S. Now add with what rate X is consumed in the first reaction, and
with what rates X is produced and consumed in the second reaction. Finish by
filling in S and P .

Answer X is produced by reaction 1 with rate k1[S] (rate constant times
substrate) and by reaction 2 with k−2[P ] (this is the back reaction from the
product, so here P is the substrate). X is consumed by reaction 1 going back
to S with rate k−1[X] and with reaction 2 going to P with rate k2[X]. This

leads to the differential equation: d[X]
dt = k1[S] + k−2[P ] − (k−1 + k2)[X] =

100k1 − (k−1 + k2)[X]

b Solve the differential equation to find the concentration of X in time with
X0 = 0.

Answer [X](t) = ( 100k1
−(k−1+k2)

+X0)e−(k−1+k2)t− 100k1
−(k−1+k2)

= 100k1
−(k−1+k2)

e−(k−1+k2)t+
100k1
k−1+k2

c How long does it take for X to reach half of it’s steady state value?

Answer t = ln2
k−1+k2

(when t → ∞ (to reach steady state) [X] → 100k1
k−1+k2

.

To reach half that value e−(k−1+k2)t has to equal 1
2 . For that t =

ln( 1
2 )

−(k−1+k2)

which is equal to t = ln2
k−1+k2

.

Question 7 A petridish gets accidentally infected during an experiment.
The bacterial population has grown to 105 cells after 24 hours and to 108 after 48
hours. How many bacteria were spilled on the petridish if we assume exponential
growth?

Answer Exponential growth is x0 · ea·t. We know the result for t = 24 and
t = 48. Then we have 2 equations with 2 unknowns that we can solve to find
a and x0. The easiest is to divide the equation for t = 48 by the equation for
t = 24.
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x0 · ea·48 = 108

x0 · ea·24 = 105

x0
x0
· e

a·48

ea·24
=

108

105

e48a−24a = 108−5

e24a = 103

ln e24a = ln 103

a =
ln 103

24

Now we use the result above and the equation for t = 24 to find x0.

x0 · ea·24 = 105

x0 · e
ln 103

24 24 = 105

x0 · eln 103 = 105

x0 · 103 = 105

x0 = 102

The infection started with 100 bacteria.

Question 8 We have a chemostat with yeast (x(t)) growing on glucose
(S(t)). The glucose concentration in the feed is 100 mM. The feed enters with
d h−1 and the chemostat is emptied at the same rate (all nutrients and biomass
leave the chemostat with d times their concentration/amount present). The
yeast grows according to the Monod growth model:

µ = µmax
S(t)

KS + S(t)

Where µmax is the maximal growth rate and KS the affinity of the cell for
glucose. µ is the specific growth rate, which means the biomass grows with µ

times the biomass. The glucose is taken up at the rate of S(t)
KS+S(t) per gram of

biomass x.

a Give the differential equations for the change in biomass (x) and the glucose
concentration (S) in the chemostat.

Hint The idea is to give the equations for d(x)
dt and d(S)

dt . To make these
equations think about how the biomass and the glucose concentration change in
time. The biomass grows with the growth rate times the biomass concentration
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(µ · x(t)) and is diluted with the dilution rate times the biomass concentration
(d · x(t)). For the differential equation we have to take the total change, there-
fore the production minus the consumption, that is µ · x(t) − d · x(t). For the
glucose concentration we have to do something similar. The glucose concentra-
tion enters with 100 · d, but leaves the chemostat with the dilution rate times
the concentration in the chemostat (S(t)) and is consumed by the yeast cells
(find the rate at which the yeast cells consume the biomass in the above story).

Answer The biomass increases with specific growth rate (µ · x(t)) and de-
creases with the dilution rate d, (d · x(t)). The glucose concentration increases
with the dilution rate times the glucose concentration (d ·S(t)) and the glucose

uptake rate times the biomass concentration S(t)
KS+S(t) · x(t). The glucose con-

centration increases with the dilution rate times the concentration in the feed
(d · 100).

x′(t) = µ · x(t)− d · x(t)

= µmax
S(t)

KS + S(t)
· x(t)− d · x(t)

S′(t) = 100 · d− S(t) · d− S(t)

KS + S(t)
x(t)

b Take Ks = 1, µmax = 0.5 and d = 0.1. Find the steady state values of x
and S (where x′(t) = 0 and S′(t) = 0).

Answer

x′(t) = 0 = µmax
S(t)

KS + S(t)
· x(t)− d · x(t)

µmax
S(t)

KS + S(t)
= d

0.5
S(t)

1 + S(t)
= 0.1

0.5 · S(t) = 0.1(1 + S(t))

0.4 · S(t) = 0.1

S(t) = 0.25

S′(t) = 0 = 100 · d− S(t) · d− S(t)

KS + S(t)
x(t)

0 = 10− 0.25 · 0.1− 0.25

1 + 0.25
x(t)

9.975 = 0.2 · x(t)

x(t) = 49.875
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S(t) = 0.25 mM and x(t) = 49.875 gram.

c Do the same for d = 1. What do you conclude from the result? Are there
more steady states (also in case b?) and are these stable?

Answer When d is greater than µmax, X(t) becomes negative, which is
not possible of course. This means the yeast cannot grow fast enough to keep
up with the dilution rate and will “wash out”. There is another steady state.
When we took the first step in the last answer, where we divide by x(t), we
actually have to add or x(t) = 0. If we then calculate on with x(t) = 0, we will
get S(t) = 100 (equal to the concentration in the feed). Thus, there is another
steady state with when S(t) = 100 mM and x(t) = 0 gram. When d = 0.1 the
steady state at x(t) = 0 is unstable, because if there is a bit of biomass the cells
will start to increase. The steady state at x(t) = 49.875 is stable, since a small
disturbance will lead back to the steady state (you can also find this by entering
a slightly higer or lower value and see if the derivative is positive or negative).
When d = 1 there is only one steady state at x(t) = 0 and this one is stable.
Any biomass that would come into the system will “wash out”.


